
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Isotropic Elastic Solids of nearly Spherical Form. 

By C. Cheee, So. D., Superintendent Kew Ohservatory. 



PART IL— VIBRATIONS. 

Table of Contents. 

Section I. — Preliminary : General formulae. 

" II. — Approximately pure radial vibrations when surface of most general character. 

" III. — Approximately pure transverse vibrations of general type in a spheroid. 

" IV. — Approximately pure transverse vibrations of the rotatory type when surface is 

one of revolution. 
" V. — Approximately mixed radial and transverse vibrations of general type in a 

spheroid. 
" VI. — Approximately mixed radial and transverse vibrations depending on the second 

zonal harmonic in an ellipsoid. 



Section I. 



§1. The present paper is complementary to a previous one* which dealt 
with the equilibrium of bodies of nearly spherical form. The method is practi- 
cally the same, but the differences in detail are considerable. The treatment of 
the vibration problem is tantamount to assuming that answering to a natural 
type of vibration in a perfect sphere there is a very similar type of nearly equal 
frequency in a nearly spherical body. The principal object is to find what may 
be regarded as the change in pitch due to a small change in the shape of the 
surface ; the result shows what effect an absence of perfect sphericity has on the 
frequency of vibrations. The present memoir thus does for irregularities in the 



* American Journal of Mathematics, vol. 16, p. 299. 
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shape of the surface what a previous memoir,* " On Some Compound Vibrating 
Systems," did for irregularities in the structure of the material. 

§2. The first thing required is the complete form of the displacements and 
stresses for the vibrations natural to a sphere. These I shall simply quote from 
a previous paper, f slightly altering its notation. 

Let r, $, $ denote the usual polar coordinates, $ answering to the colati- 
tude, and <$> to the longitude. Let A denote the dilatation, and u, v, w the dis- 
placements at the point (r, 0, <£>) in the directions of the fundamental elements 
dr , r dd, r sin 6d<p . Also for shortness let 

a 2 = p/(<m + n), [3* = p/n, (1) 

where p is the density and m, n the elastic constants in the notation of Thomson 
and Tait's Natural Philosophy. 

Then as types of the dilatation and displacements we have, taking Jc/2n as 
the frequency of vibration, 

A = cos Jctr-*J i+i (Tear) YJi , ( 2) 

«=00B*«[ g ^{if-V l+# (far)-»-»^ r Ji +# (fa [ r)}rT i 

+ r-V i+i (lcPr)Z i Z t ], (3) 

+ cosM ^oM r ~ iJi+i(kMwm i (4) 

W = C0S U slnD i\ [- » T ~ iJi + * ^ TJi 

+ j^fj) r_1 4f rlJi+i ( w z &~\ - cos u w{ r ~ iJi+i (W WiWi I • (5) 

Here J i+i (x) denotes that solution of the Bessel equation 

dx 2 x dx \ a? ) 

which is finite, zero, at the origin x = . 

*Cambridge Philosophical Society's Transactions, vol. 15, p. 189. 

t Cambridge Philosophical Society's Transactions, vol. 14, pp. 310-313. 



Chree: Isotropic Elastic Solids of nearly Spherical Form. 123 

The heavy letters, Yi, etc., denote surface harmonics of degree i, which may 
be all the same or all different, while the letters T i} etc., represent their arbi- 
trary constant multipliers. The W letters answer to the "pure transverse"* 
vibrations in a perfect sphere ; they do not occur at all in A . The Z letters and 
the T letters with suffixes other than 0, are connected with the type "mixed 
radial and transverse"* vibrations. The "pure radial"* vibration may be 
regarded as answering to F , with Y = 1 • 

§3. In exhibiting the values of the stresses, it is convenient to use the 
following abbreviations : 

jL J(a5) = ^), 

TJ t =[T t ],eto., (6) 

-* rW^)* — 2 (* — 1)(» + 2) T n y. 

+ BfH + .(*^)-3E? j 5 + *(*«-)}]=^, 

»-«0r{ 2j! +i (k(3r)-^ r J i+i (k^ = r B t , 
± | 2J( +i (Tear) -^J i+i {her) J = r O t1 



A* S 



r 



+ | (*0r)» - 2 (i - 1)(1 + 2)}*±0$] = r D u 

2r-tJ i + i (7c(3r) = rFi, 

i r- i J i+i (Jcar) = r G i , 



(?) 



(foxr) 3 

^dpi) r_i ^ r |>'+* (W - ^ Ji+. (W + ^ +i (W] = -^ 

Using these abbreviations, we have for the typical terms in the stresses 
employing the expressive notation of Todhunter and Pearson's "History of 
Elasticity ... .," 

*See Oamb. Phil. Soo. Trans., vol. 15, p. 342. 
17 
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r7/n cos H = r A t [ FJ + , #; [ZJ , (8) 



00/ W cos fe = ,E\ [FJ + ^ [ZJ + * j r 0, [FJ + rHi \Z^ \ 



+ ^ C0SeC ^^J, (9) 



^k/n cos » = r E t [ FJ + r F, [ZJ + (^ ^ + cot J*-) { r G, [ FJ + ,.5; [ZJ } 



^/»cos*«=-^-{;Oi[F i ] + r Z? 1 [Zi]f +4^ ^.ir^^TTJ, (11) 

r~$/ncosM = ^ A { r ^ [FJ + r Z?, [ZJ } — J- ir r £, [TfJ , (12) 
0<?>/rc cos fo = ^- cosec | r Gt [ FJ + ,.#, [ZJ } 

~(^ +i * (i+1) ) r ^ [F<] - (13) 

§4. The surface will in every case be supposed to approach closely to that 
of a sphere of radius a , and we shall have frequent occasion to employ the 
values of the stresses when r = a. We shall thus for brevity write 

A t , etc., for a A u etc., 
x for Jcaa, 
y for Jc(3a, 

-=-* , etc., for the value of -^ r Au etc., with r put = a after differentiation. 
da dr 

The following relations will be found useful : 

JE t =O t + Cv 2 - 2x> - 2)(4 + 2(7,)/ \tf - 2 (* - 1)(» + 2) }, (14) 

^ = -2^ i + *(*+l)A}/^— 2(t-l)(t+2)f, (15) 

£ i = -2(^+2<7 i )/-! 2 / 2 -2(*-l)(t+2)f, (16) 

25 = l ^Tffit ^- 4 ^! 7 ^ 2 " 2 ^"^^ 2 ^' (17) 

A t F t — B.E^ \f- 2 (i — l)(i + 2)\~ l [- 2»(* + 1)(^A— B t O t ) 

— £, K*/ 2 - 2a a )4 + (3.y 2 - 4a: 2 ) G % \ t (18) 



Chrbe : Isotropic Elastic Solids of nearly Spherical Form. 125 
A,H,— B,G,= \y'-2(i-l)(i + 2)\- l [-4(A i D l -B,0,)+ T ^L r) A l B l ], (19) 

■ g = T-~4-%tl% - sA >- i0 'W - ^ + '»■ (20) 

^=-^+ ^-^iit> - +i{i+i)D ' 1 (2,) 

a ^ i = - i0l + 3^=^%t^(A + iO,), (22) 
da y* — 2(t — 1)(» + 2) v 

a ^A_ 2 p »'-2<(» , + i) p + <ff+i) B, + A 8 (23) 

"aa ^ 4 2t(*+l) J ° l %*_2(*— 1)(*+2) 2/ ' l ' 



da 



a -^ = £<-.**„ (24) 



^a^- J B i a^ = ]2/ 2 -2(i-l)(i+2)}- 1 [2i(^+l)^ 2 -(t-l)(* + 2)| 

" x(AA-Aa)-(3?/ 2 -4 a; 2 )^5 i + 4^ 4 -4(3 2 / 2 -4x 2 )l J B i a], (25) 
D«a |^ - O t a ^ = ^ 2 - 2(t- 1)(* + 2)}- 1 [2 {a 2 - (* - 1)(* + 2)f 

X(i < A-Aa)-(3/-4^)aPi+A)+^~|~| ) 1 ( j +2) JAg i ], (26) 

2> 4 a ^ - fla ^ = j*/ 2 - 2 (» - !)(• + 2) [- 1 [- 2{2/ 2 - 3 (♦ - l)(i + 2) } 

\{A t D t — B t C t ) + {Ztf — 4a^)A(^+20i)-iy*0i^J, (27) 
^a ^ — 5 4 a *2 = ^_ 2 (»-l)(»+2) f-i[_^_ 4(t-l)(t+2) } (40,-5,0,) 

+(3y» - 4x 2 )^a- ~+T) W- 4 (* - !)(*' + 2 )(^~ ^ 
-2(3y»-4a»)f4-B,], (28) 

Aa^ — Bt*^ + A t F t -B i E l + (*» + *- S)(A { H t - B&) 

= -\ y 2—2(i- 1)(* + 2)\-*[{y»+2(i-l)(i + 2)\(A i D i -B i G i ) 

+ 2i(^y*w- 4(i ~ 1){i + 2)} AiB <i- (29) 

The form in which several of these results are put forward is intended to facili- 
tate their calculation when 

A l D t -B i G i =0. 
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§5. In any specified material xjy is to be regarded as a known numerical 
quantity. Perhaps the simplest material to deal with is that which, though of 
ordinary rigidity, is nearly incompressible; for it n is finite, but njrn, and so 
xjy, vanishingly small. For a vibration of finite frequency in such a material y 
is finite, but x very small, and in any given expression we need retain only the 
lowest power of x. If we do so we much simplify many of the results. Thus, 
for instance, putting for shortness 

a~ i x~ % J i+ k (x) = X, 
we may take 

JJ +# (a!) = i(2i+l)o*a^r, 

A i =\f-2i{i-l)\X, (30) 

O t = — 2(i-l)X, (31) 

A t D l — B t C t =l{y > —2i(i — l)\D t +2(i-l)B t -]X, (32) 
A,F { - B t E t = -{f-2 (i — l)(i + 2) f- 1 [2i (i + l)(AJ) t - BA) 

+ tf{ l f—2(i — l)(i + S)\B t X], (33) 

A i H i -B i G i =-\tf-2(i—l)(i + 2)\-*[4(A i D i — B i C i ) 

-^iVr/^- 2 ^'- 1 ^^]' (34) 

^ = i\f-Hi-W-2)}X, (35) 

a^fi- — 2(i — l)(i—2)X. (36) 

da 

§6. In the case of free vibrations, one of the constants appearing in the 
expressions for the strains, stresses, etc., may be regarded as arbitrary, being 
determined by the amplitude of the vibration. The ratios borne to it by the 
other constants are to be determined from the three surface conditions : 

% rr + (i tB + v r<p = , ) 

Xrd + [i6d +vdlf> =0,> (37) 

where X, [i, v are the direction cosines of the outward-drawn normal relative to 
the fundamental directions dr, rd$, r sin 6d<p. 
If the equation to the surface be 

r = a(l + «r), (38) 
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where a is a surface harmonic, s a small positive or negative numerical quantity, 
we have as a first approximation 

i ., da 1 da ,__■> 

A = 1 , a= — £ -ttt , v = — e - — 7T -r= — , (39) 

r d0 sin d<p K ' 

while to a second approximation 



^__ f (l_«T)_, 

v = — e(l — ecr) 



(40) 



sin 6 dq> 

Section II. 

§7. The first application of the method is to the case of approximately pure 
radial vibrations in the material contained by the surface 

r = a(l + e l <r < ), (1) 

cr { being a surface harmonic of degree i, and e< a small numerical quantity. 
If the surface were truly spherical, the displacement 



u- 



™ W '&|»T^-«4 (2) 



where F is an arbitrary constant, would alone exist. The frequency kj27t of the 
fundamental and higher vibrations would be given by 

(rr) r=a = 0, 

or «A = 0. (3) 

Let us now assume that when (1) is the equation to the surface there is a 
type of vibration in which (2) is the principal term, there being other necessary 
subsidiary terms of the order e t of small quantities. 

Supposing we go as far as terms in ef, then the contribution of (2) to the 
first of the surface conditions (37), Section I, is, omitting the cos let, 

[, + „.£ + 4M)W * -«{(£) + (£, § )'}] AT, 

In this r o is treated as a constant, A as a function of a, the abbreviation 
A t for a A t , etc., being used as in Section I. 
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Similarly, omitting likewise cos kt, the contributions of (2) to the second 
and third surface conditions are respectively 

We can get rid of all the terms of order e f in the surface conditions by intro- 
ducing as subsidiary terms those typical terms in (3), (4), (5), Section I, whose 
coefficients are Y t and Z it putting 

Yj = Z; = <T; . 

To get rid of terms of order ef other harmonic terms would be required, but 
as the knowledge of these is not actually required for our present purpose, we 
need only mention their existence. 

The first surface condition may now be written 

+ ( X + ^£)W,+ B,Z,)c l -s,(O l Y,+ D,Z,)\(f)'+ (gi, *«)•} 
+ other harmonic terms of order e| = 0. (4) 

For the second surface condition we have 

-^(i- w ,H- W £)*r.+ (i+ W £)£w.+ />.«) 



+ other harmonics of order ef = 0. (5) 

The third surface condition may be derived from the second by writing 

1 d ,. d 
for 



sin 6 dq> dd 

In all cases 7 4 and Z t are to be treated as constants during differentiations. 

§8. The coefficient of a t in (4) must vanish, thus we have as a first approxi- 
mation 

AtYi + BtZ^-Yw^. (6) 
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Again the coefficient of -^ in (5) — which is also the coefficient of — — ^ — 
s dd v ' sin 6 d$ 

in the third surface condition — must vanish ; thus to a first approximation 

o t Y t -\-D t z t =Y^ t E . (7) 

From (6) and (7) we get as first approximations 

dA 

~- -r- J3 t JS J — {AiUt—JSiVt), I 

(8) 



F t = - e, F (A« i£> + B,E^ -*• (^A - B t O t ) , j 
5r — - v ( n „ u,JL o _i_ a c \ -^ / a n n n\ \ 



Z,= 



Y ° ( Gi<x ik + AiE °) "*" ( ^ iA ~ * i<7<) • J 



Returning to (4) we obtain the frequency equation by equating to zero the terms 
independent of surface harmonics. Since in the constant terms the coefficients of 
T t and Z t are of order e t , it suffices to substitute for these the first approxima- 
tions (8) ; before this substitution is effected, the differentiations indicated in (4) 
have to be carried out. 

Since the first approximation to the frequency equation is 

-4 = o, 

it is obvious that the terms arising from 

may be neglected. 

Thus when powers of e t above the second are neglected, we get for the fre- 
quency equation, dividing out by F , 



A + fy 



2 (X — - — 5- -4— ., , , ,..„ ■■■ „. .„.,, , , .„ 

da" ^ A i D. — B,G, 



X {const, term in a? } - E \ const, term in (§) '+ (^ |)*} 



= 0. (9) 



Supposing the effect of the departure of the surface from the truly spherical 
form has been to increase the frequency by the amount 8Je/2n, then k — 8Jc 
must be a solution of the equation 

A = 0. 
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Consequently, neglecting §W, we must have 

But a i A being a function of ha, and A being to a first approximation zero, we 
may in the coefficient of hhfk put 

]$ ° — a 
dh da ' 

and thus get 

The two frequency equations (9) and (10) must be identical, thus 



Sh — ef 
k dA 

da 



j^*A°%( a ''li +J <*)-'Tk 1 >"TC +BA ) 



ia da' + Al D, - B,0, 



X j const, term in of}-* {const, term in (*«)"+ (-j-L |)'| 



(") 



§9. It is a simple matter to find the constant terms in <r| and 

\~MJ ~^~ (~ — A 7T~0 ex P an ded in surface harmonics. 
It is in fact obvious that, putting cos 6 — (i , 

X+ 1 /»2ir /»+ 1 /»2t 

! Jo a *i d[i dq> —J_ 1 J (constant term in ol)d(id<p ; 

.-. constant term in erf = — — /_ x J Q a\d^d^>. (12) 

The value of this integral is known for the ordinary forms of Laplace Functions. 
For instance,* if 

a, = P 4 , . fr) cos *<?> = u<| '^_ 1) (1 - f*Y |p A (f.) cos ^ , 

*See Ferrers' "Spherical Harmonics," pp. 85, 86, or Todhunter's "Functions of Laplace ....," 
p. 158. 
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where P t denotes i th zonal harmonic and x is integral, 

S~\ £** a * d t id $ = ^7t \i — x\i-\-x ^-[(2i+ 1){1.3 (2i — l)f 3 ]. 

Similarly constant term in ( -^ ) + ( - — -, -— ) 
J \dtiJ Vsin 6 dtyJ 



(see Cambridge Philosophical Society's Transactions, vol. 16, p. 33). 

Thus constant term in ( -^f) + ( —. — * - T ^) 

\dQJ \sm 6 d$J 

= i {% + l)(constant term in of). (13) 

Employing (12) and (13), we throw (11) into the form 



k dA An 

a 



1 /*"*" l P in 



<£a 



f^-'P + o* 



"T 



AM— B.G,. 



'■%*-'% 



.(14) 



§10. For a given value of i, the change of pitch is the same in all cases in 

J ald[id<p has a constant value ; its sign is independent of that of e 4 . 
We may simplify (14) by means of the relation 

4n~J-i Jo W^-F+f+V ( 15 ) 

where S is the area of the surface of a sphere of radius a, S + SSt that of the 
surface (1). 
18 



(16) 
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We may also employ the first approximation frequency equation (3) inside 
the square bracket ; doing so, we may put 

, cPA I dA __ 2 {Jeaa)\m + nf— Sn(Sm—n) _._ 2 y i — 8 (% 2 — 4ce 2 ) 
da 2 / U da ~ (kaa)\m -f nf — 4«(3m — n) y 4 — 4(3?/ 2 — 4a; 2 )' 

f / ^L° = 2n ^ m ~ w ) = — 2 ( 3 y 2 — 4a;8 ) 

°/ a da ' (kaa) z (<m + ny— 4n(3ni — n) y 4 — 4(3^— 4x 2 ) ' 

where a; and «/ have their previous significations. 
We may thus replace (14) by 

T" = y+f+a ^ ~ 4 (3/ ~ 4a;3) >~ * |> -*(* + * + 4 X 3 ^ - 4a;2 ) 

+ { 2/ 4 - 4 (3^ - 4z 2 ) | ( Dp ij^ - Op *£) /(^ A - B.0» 

+ 2 (3*/ 2 - 4rf)(4a ^ ~ ^« ^) / W>< - WO] • (17) 

The employment of the results (25) and (27) of Section I renders it unneces- 
sary to actually perform the differentiations occurring on the right of (17). The 
values to be assigned to x and y in (17) being determined by (3), are to be 
regarded as known quantities. Professor Lamb* has actually determined the 
values of x/n for the six notes of lowest pitch for a series of values of Poisson's 
ratio. 

Section III. 

§11. In a perfect sphere the vibrations next in simplicity to the pure radial 
are the pure transverse. We thus proceed to consider some vibrations approxi- 
mately of this type in nearly spherical solids. 

The first case we shall consider is when the surface is the nearly spherical 
spheroid 

r = a(l+e z P z ), (1) 

and the principal term in the displacement is 

w=—W i cos M 2£* r~*J i+i {hj3r) , (2) 

where W t is a constant, and the rest of the notation is as before. 

* Proceedings London Mathematical Society, vol. 18, p. 202; see also Trana. Oamb. Phil. Soc, vol. 
15, p. 157, or Love's " Treatise on Elasticity," vol. 1, p. 318. 
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The stresses rty, 6$ answering to (2) would be given over a spherical surface 

of radius a by 

— dP 

rq>/n cos kt= — \ W t :« Pi -iff , 



d} jn cos U = -^W t aF i j*(* + l)P« + 2^|, 



(3) 



(5) 



where B t stands for a B t , etc. 

In the present instance the change in the frequency has a term of the order 
f 2 , so we may neglect terms of order e| and take for the surface condition 

r^-e^di=0. (4) 

Having regard to (4) and to the relations 

p dP A _ 3i(t + l) dPi_ 2 , i* + i— 3 dl\ 

2 dd ' 2(2»— 1)(2»+1) d6 "*" (2» — l)(2» + 3) d0 

" 1 ~ 2 (2t + 1)(2» + 3) d0 

<MM, r j | ^ P j o&P-i) - 3* (»+!)(* + 2) dP,_ % 
W\ l{l+1)Fi+2 ~aW\- (2»-l)(2t + l) T - 

4- 9 (»—!)(* + 2) *P« _ 3 (t — !)*(» + 1) dP < + g , fi x 
" r (2» — 1)(2» + 3) e*0 (2t + l)(2*+3) e$ ' W 

dP s 
we see that the addition to (2) of subsidiary terms of the same type in — -~-^ 

dP 

and * +a is sufficient to solve the problem. We thus assume in place of (2) 

u, = -CMkt^ [F , t _,P t _,^*Ji_ l (J^r)+ W t Pf-*J i + i (kpr) 

+ W i+% P i+i r-V i+i (kp r )], (7) 

where we know W«_», TTi+a to he of the order s 2 of small quantities. 

Referring to (3), (5), (6) and (7), we see that the surface condition leads to 



« — a 



w; XaB ~ i 4- F a d (aB\ d \ 3t(i+l) P 

^ L a ^ W + e8a ^^^Wl2(2*-l)(2i+r) ^ 

4- *» + t-3 p , 3t(» + l)P < + 8 1 
T (2» — l)(2» + 3) * 2(2*+ 1)(2» + 3)J 



9 (»-!)(» +2) 



P 



+ r a p ** f gjii+jKidbi) p _ _ 

^ £%a 'dSl (2e— l)(2t+l) i_2 (2i— 1)(2* H- 3) 

I 3 (*-!)»(»+ l) p l-l 

^(2» + l)(2* + 3) * + »JJ 

+ W i _ % aB i _, d ^+W i+i aB i+i d ^ = 0. (8) 
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As this holds all over the surface, we may equate separately to zero the coeffi- 
cients of the differentials of the three harmonics. Doing so, we find 

*-■/ * = ( « _ ( ix« + 1) {<' + *»«*- *■ as- («*>} /•*- < 9 > 

aB ' + (gi -tx«+») l (? + i_ 3) a s- (aB,) " 9 (i_ 1)(i + 2) aF '} = "• (I0) 
y <+ ./y.= - (M , y i ^+8) {( < - 1 > Bj;+ » tt g (al '' ) 1 A**- (ll) 

The value of Wt is supposed to be given by the known amplitude of vibration, 
so that (9) and (11) determine Wi_ 2 and W i+i . 

§12. For the frequency equation we have (10), -which becomes for the per- 
fect sphere 

B t = 0. (12) 

Reasoning similar to that in Section II leads us to the conclusion that if $kj2n 
be the increment in the pitch due to the departure from the spherical form, the 
equation 

aB *-j!r a ai; {aB;) = 



must be identical with (10) 
Thus we get 

h7c e a f.-a i .• „ « , • „n/- , „\ aF t 



(M-ljfc + lJ ' + '-'-'^-'X'+'W 
I da 



(13) 



iE"^ 



In the coefficient of e% we may regard 7c as possessing the values it would have in 
a perfect sphere, i. e. as being a root of (12) ; and it is easily shown from (15) and 
(21), Section I, that when B t = 0, 

«^=-w-(*-i)(*+2n. (14) 

Employing this result in (13) we get 

Sk _ (? + »•— 3)jf--.(i-3)(*-1)(«-+2)(i+4) , . 

7c ~ £% (2t-l)(2»+ 3)^ -(*—!)(» +2)} ' ^°' 
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where y = kfta is the root of 

2yJ?+*(y)-3Ji +i (y) = o, (16) 

which answers to the note of the transverse type under consideration. 

§13. The functions J i + i {y) take conveniently concise forms involving sines 
and cosines. These will be found for values of i up to 5 on p. 42 of Gray and 
Mathews' "Treatise on Bessel Functions." Their substitution will be found to 
lead to comparatively simple frequency equations for small values of i. The 
equations answering to i — 1 and i = 2 were discussed by Professor Lamb in his 
valuable paper in the Proc. of the London Math. Soc, vol. 13 (see his equations 
(38) and (43)), and the numerical values of the smaller roots will be found there 
and in Love's " Treatise on ... . Elasticity," vol. 1, pp. 318-9. 

In the case » = 1 we need not trouble about the form or roots of (16) for 
our present purpose, because (15) reduces to the simple form 

Sk/k = e 2 /5. (17) 

The pitch is thus altered in the same proportion in all the notes ; it is raised 
or lowered according as the surface is prolate or oblate. 
For * = 2, (16) takes the form 

tan y =z y (y* - l2)/(5y* - 12), (18) 

and the six lowest notes are approximately given by 

y/n = . 7961, 2.2715, 3.3469, 4.3837, 5.4059, 6.4209. 
In this case (15) becomes 

k 7 2/ 2 -4" W 

It follows from the above values of the roots that bk is here always opposite in 
sign to e 2 , or the pitch is raised or lowered according as the spheroid is oblate or 
prolate. For the higher notes, when i = 2, 

bk/k=—s i /7 (20) 

becomes an increasingly close approximation. 

For all values of i successive higher roots of (16) become approximately 
successive even or successive odd multiples of nj 2 . Thus when i is not large 
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we get from (15) as an approximation for all the higher "harmonics" 

oJc/Jc= — e 3 {i? + i — 3)/ {(2*— l)(2» + 3)}, (21) 

a result which, of course, includes (20). 

On the other hand, when i is very large we get as an approximation in the 
case of the fundamental note and lower harmonics 

Sh/k= — s z /4:. (22) 

This last result, and likewise (21) when * exceeds 1, represent a change of pitch 
opposite in sign to e % . 

Section IV. 

§14. As a second example of transverse vibrations, consider the solid con- 
tained by the approximately spherical surface 

r = a(l+ ei P 4 ) (1) 

vibrating approximately in the rotatory* type given by 

w J cos Jet = w x sin B r~ *«7 f (Jc/3r) , (2) 

where w x is a constant. 

Answering to a displacement 

w/cos Jet=—Wj ^ r~% + > (Jcpr) , (3) 



where W s is a constant, we have over r = a, 

dd 



•-^ dP- 

r$\n cos Jet = — h W s aBj -=^ , (4) 



0$/n cob& = * WjaFj j/(/ + 1) Pj— 2^f , (5). 

where fi = cos B. 

For / = 1, Bty vanishes and so the contribution of (2) to the surface con- 



dition 



**— «|£*e* = o (6) 



is only 

(l + H P,a A) Wi sin 6a BJ 2, 



* Professor Lamb's term for, case <=1. 



i. e.* 
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It is thus obvious that when we neglect terms in e| it suffices to add to the value 
of w/ cos Jet given in (2) the subsidiary terms 

- J [F;_ 1 P € _ 1 i-*Ji_,(^r)+ Tr i + 1 P, + 1 f-»Ji + l (^r)] , 

where TFi_i, TF^+i are constants. 

From principal and subsidiary terms combined we get as the surface con- 
dition 

aB x + £i a £ (oA) ^-L_ *- (P t + 1 - P^) 

+ (TT i - 1 /Tr 1 )aB < _ 1 ^=- 1 i-(Tr 4+1 /^i)«^+i^ H - (7) 

As this holds all over the surface, we may equate separately to zero the coeffi- 

dP- dP 

cients of — ^=^ , — 4^ an d the constant term. We thus find 
d(i dp 

d 



da 



(«-B.) 



and finally for the frequency equation, 

aB 1 =0. (10) 

Since (10) is identical with the frequency equation in the perfect sphere, r = a, 
the change of frequency in the present case is zero when terms of order e| are 
neglected. 

This at first sight appears inconsistent with the result obtained in (17) of 
Section III, that in the special case of the surface 

r = a (1 + £ 2 P 8 ) 

there is, in the case of the vibrations of approximately rotatory type, a change 
of pitch given by 

* See equation (11), p. 46 of Todhunter's " Functions of Laplace . . . . " 
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The explanation is simply that i = 2 constitutes an exceptional case. The work 

d P dP d P 

of the present section in reality tacitly assumes that -=-^ , — 4^ and 7 { + 1 are 

d(i d[i dp 

all different, which is not true when i=2. The case i= 2 must thus be 

excluded from the range of the present section ; it clearly is the only case in 

which the tacit assumption is not true. 

§15. "When we desire to go as far as terms in ef , we get in place of (7) 

Fi jaA + |efa 3 -^ (aBJ x constant term in PI I 

+ constant terms in [s i P i a A-l W.^aB^-, *S±=1 + W t+1 aB t + 1 ^±A 

+ £i ^W^aF i _ 1 {(i-l)iP i _ 1 -2^} 

+ 8 t ^W i+1 aF i+ ^(i + l)(i + 2)P t+1 -2^^±l^] = 0. (11) 

By the " constant term" in P\ , for instance, is here meant the value of A x in the 
series 

P 2 . = A, 4- A*^-? 4- A- A g^k±j 

or 

I* i = (A 1 + A,+ A u+1 ) + &P 9 (A S + + A u+1 ) + 

= Co + O t P, +...., say. 
To determine A x we notice that 

a o = i £ + V^ = _JL_. (12) 

AgaIn ' C,f_ + i 1 pidn = f_ + i 1 p 2 Pld l *. (13) 

Now it is easy to prove 

P P _ 3 (»—!)» p » (i + 1) P . 3 (» + !)(* + 2) p . 

2 * 2(2* — 1)(2* + 1) *~ % "^ (2* — 1)(2» + 3) * ~ r 2(2* + l)(2t + 3) * + 2 ' 

therefore 

r +1 p p*du - *<*+*) r +l p^« 

t /_ 1 Wi d t*- {2i _ mi + s) J_ 1 ***<¥ 

= 2»(t+ l)-5-j(2»— 1)(2*+ l)(2* + 3)}. 
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Hence by (13) 

(7,= 5t(*+ l)+\(2i.— l)(2i+l)(2»+3)f. (14) 

But by the equivalence of the expressions for Pf, 

.-. A 1 =3(& +i— l)-5-j(2*~ 1)( 2* + 1)(2» + 3)\ . (15) 

In a somewhat similar fashion we find, with like forms of expansion in differ- 
entials of harmonics, 

constant term in fi B y-' = — 3 (* — 1) i+{ 2 (2i — 1)(2» + 1) }, (16) 

ayi 

constant term in P t ~? + 1 = 3 (i + 1)(» + 2) +\ 2 (2* + l)(2* + 3) }, (17) 

constant term in ^\i{i- 1) P t _, - 2p ^i= 3 ^~ 2 ^~ ^Ug + *>, (18) 
^l v ' • * f* dfi ) 2(2» — 1)(2*+ 1) v ' 

constant term in ~' j (* + l)(t + 2) P 4 + x — 2p ^+- x I 



We thus convert (11) into 



_ 8i(»+l)(»+2)(»+8) , . 
~ ~ 2(2» + l)(2* + 3) ' K ' 



ai?1 + f f < (a>-iK2f+"T)(2>- + 3) a ' ^ (ai?l) 

+,(^ +1 /^ ^+;|[;^ 

Substituting from (8) and (9), we find 

aBx ~ 2(2* + 1) L - (2»-l)(2t + 3) " SF ( lj 

19 
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§16. Reasoning as before from the identity of this with 

aB 1 =— a -=- (aBj) = 0, 

h da ' 

we find for the increment in pitch due to the departure from the truly spherical 
form 



to —a 4 
Tc ■ 2% + 1 



i 2 + i— 1 



a'- 



da? 



(*-!)(« + 8) d {aBi) 
da 



+ 



+ 



(*— l)i 



a^iaB^—ii - 2)(» + l)^^ 



(2i — 1)(2» + 1) 



«^i-i 



d 



(i + l)y& + 2 ) <«* 



(2t + 1)(2* + 3) 



ai?i + i 



(20) 



In the coefficient of e? we substitute for h , after differentiation, that root of 
(10) which gives the first approximation to the frequency of the vibration under 
consideration. For any such value of h it is easy to prove 

Also in general from (15), (21), etc., Section I, 
a-^(aB j )-(j-l)(j + 2)aF j 



aB, 



= -S-fF j /B i . 



Thus we can replace (20) by the more concise formula 



to _ _ 3 

h * 2* + 1 L( 



+■ 1 L(2*— 1 



4 (>» + i — 1) 
)(2t+3) 



+ 



tf 



2i + 



( (i-l)iF i _ 1 (i+l)(i + 2)F i + 1 )- } , 
ll(2i-l)5 i _ 1 + (2t+3)£ i + 1 J J' W 



This can be further simplified by the result 
deducible at once from (7), Section I. 



(22) 
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The values to be ascribed to y are the roots of (10), whose approximate 
values* are given by 

y/n= 1-8346, 2-8950, 3'9225, 4'9385, 5-9489, 6'9563, etc. 

The algebraical expressions for the Bessels involved for value of s from 1 
to 5 are given, as already stated, on p. 42 of Gray and Mathews' Treatise, but in 
the absence of a complete table of numerical values, the numerical evaluation of 
hhjh from (21) would prove somewhat tedious. 

Section V. 

§17. The third and most complicated type of vibration in the perfect sphere 

is the "mixed radial and transverse." As an example in which the principal 

terms are of this type, we may consider the vibrations in the nearly spherical 

spheroid 

r = a(l + s 2 P 2 ), (1) 

for which the principal terms in the displacements are those with the coefficients 
Yi, Z { in (3), (4) and (5), Section I. We shall take the simplest case when 

Y« = &=/>,. 

The requisite subsidiary terms are also of the mixed radial and transverse types, 
and depend on the harmonics Pi^. % and Pi+%- 

When terms of order e| are neglected, it will be seen from (8) to (13) and 
(37) of Section I that the first surface equation is 

(l + e 2 P,a ±) [P t (A Y { + BiZft - s, ^ **£ (O t Y< + D&) 

+ P i _,(A i _ i Y i _z + B^Z^) + P i+% (A i + i Y i+i + B i+s Z i+z )= . (2) 

In like manner the second surface condition is 

- e % d J^{p (EM + F t Z { ) + *£ (G t T t + E&) ) 

+ ^- 2 (Gl_,F < _, + A-t^-0 + ^-" (C {+ »Y i+s + D i+2 Z i+2 )= 0. (3) 

*See Love's Treatise, vol. I, p. 318. 
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The third surface condition, as there is symmetry round 6 = , is of course 

identically satisfied. 

dP dP- 
In dealing with (2) and (3) we require the values of P 2 Pi and -=^ -~ 

in terms of spherical harmonics, and the values of P« -^ , Pt -=nr and '^ -^ 

dd dd dd dd i 

in terms of differential coefficients of spherical harmonics, as given in equations 
(30) to (34), p. 306, vol. 16 of this journal. Employing these, we deduce from 
(2), by equating separately to zero the coefficients of P s _ a , P t and P i+Z , the fol- 
lowing three equations : 

= ( u-^i 1 U) \- ia ^ {AT ' +B ' z ' ) + {i+1){C ' r ' +D M' (4) 

A,T,+ B,Z. + % ( ^^\+V +3) {a-^(A t Y,+ B,Z,)-S(.C<Y,+D l Z l )}=0, (5) 

= -^W)l''£ M + W + i(W + M) l' (6) 

dP 

Similarly treating (3) and equating separately to zero the coefficients of *~ 2 , 

^ i and ^*+ a we ffet 

C7 ( _ g Zj _ g + X>( _ 2^i — 2 

= r «-ix« + i) [- * (i + J) a i {0 ' Y ' + ™-& Y < + F < z ') 

+ {i+if(a,r, + B l z l )], (7) 

— i(E t Y,+ F,Z,) — Z(?+i — S.)(Q l Y, + H,Z,)\ = (I, (8) 

^i + 2 -M + 2 "H -^i + a- 1 "* + 2 

— t'te.r. + zr.z,)]. (9) 
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§18. We see from (5) and (8) that in a perfect sphere the frequency equa- 
tion arises from the elimination of Y t and Z t between the two equations 

JnYt + BiZ^o, (10) 

O i Y t + D t Z i = 0, (11) 

and so is A i D i — B i G i =Q. (12) 

This supplies of course the first approximations to the values of h in the present 
problem. 

Use may be made of (10), (11) and (12) to simplify any terms containing e % ; 
in particular, e 2 ( G i Y t + D { Z t ) may be neglected in (4), (5) and (6). 

We may obviously determine in terms of Y t the constants F 4 _ 2 , Z t _ z from 
(4) and (7), the constants Y i+2 , Z i+Z from (6) and (9). 

For the frequency equation we eliminate Y t and Z t between (5) and (8), 
obtaining on reduction 

A iDi - B i0i + (2 ,_ -^ 3) [.-(>■ + l)( Aa ^ - Gi a g) 

+ <* + *- 8 >(^ f ' ~ ^ f ) - 3 ^ - *«*> 



_ 3 (* 2 + » - 3) (AH, -B i a i )]=0. 



(13) 



Keasoning from (12) and (13) as before, we deduce for the increment 87c/ 2n 
in pitch, due to the departure of (1) from the truly spherical form, the result 



k 



— 3e„ 



(2* — l)(2i + 3) 



Ua 



3 

'da 



da 



B i a^ + A i F i — B i E i + (i* + i-Z)(A i H i -B i G t r[ 



a^iADi-BiCt) 



(14) 



Referring to (27), (28) and (29), Section I, and making use of (12), we find on 
reduction 



Sk — 3% r 

~T ~ (2t— l)(2t + 3) L 3 



»(»+l) 
3 



y*{f-{i-l)(i + 2)\A* + i(i + l)y*Cl-i{i + l)(3y*-4x*)(A t + 2C i ) 



J • (15) 
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In (15) we are to substitute for x and y the values they possess for the root 
of (12) under consideration; the value of tn/n, and so ofx/y, being supposed of 
course known. 

§19. For most values of mjn the determination of the roots of (12), and of 
the corresponding values of A t j G t to be used in (15), would unquestionably be 
tedious. The special case of a nearly incompressible material of finite rigidity 
is however comparatively simple. For it, using (30) and (31) of Section I, we 
obtain at once from (15) 

<%_ — &, T iii+Vt -{y*-2i{i-\) p ■(y'--4(*-l)(* + 2 ) j- , 1 ( 16 \ 

k — (2« — l)(2i+3)L 3 -{y a — 2y*{2i— l)(2i+l)+12y 2 H.i— l)(i+l)(2i+l)— Si(i— l) 2 (*+2)(2i 2 +4t+3)J- J ' v ' 

Here y is a root of 

,y«-^(2t — l)(2»+l)+2(i-l)»ft + 2)(2t + l) 2yJj +i (y) _ . . 

^_ 2 (»-l)i(i+2) + J t+ M - U ' l±/; 

which is the form taken by (12) when xjy = 0. 

For values of i up to 5 the values of 2yJ' i + i {y)IJ l+i (y) are obtained at 
once from the table on p. 42 of Gray and Mathews' Treatise, and the correspond- 
ing frequency equations it will be found are by no means very formidable. 
Thus for i = 1 , (17) takes the form 

tuny = y(y* - 6) + {3 (y* - 2)\, (18) 

and for i— 2, 

tan ?/ = — 2/(5# 4 — 92?/ 8 + 480)/(?/ 6 — 25?/ 4 + 252y 2 — 480). (19) 

These equations were originally given by Professor Lamb in his paper already 
referred to (Proc. London Math. Soc, vol. 13), and in the same source will be 
found the approximate numerical values of the lower roots, viz. for (18), 

y/rt = 1-2319, 2-3692, 3-4101, 4-4310, 5*4439, 6'4528, 

and for (19) , 

y/n= 0-8485, 1-7420, 2-8257, 3-8709. 

For i = 1 we deduce from (16) 
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and for i = 2 ,* 

J*. - _ip y 6 -36y 4 + 576y 2 -2176 , . 

k — t2 y e — 3<ty 4 + 36<fy»— 1216 ' V ; 

Numerical values of hTefh are thus easily obtainable in these two cases for the 
several values of y recorded above. 

It is obvious when i = 1 that hh/h is even for the lowest note of the same 
sign as e t . But when i = 2, hJc/lc is always opposite in sign to e 2 . 

In the general case of incompressible material, when i is not very large, we 
deduce from (16) for very high notes — i. e. for large values of y — as an approxi- 
mation 

Ufk = — s s (f + i— 3)-*-{ (2* — 1)(2» + 3)}. (22) 

Here when i exceeds 1 , the sign of SIc/k is opposite to that of e 2 , or the pitch is 
raised or lowered according as the spheroid is oblate or prolate. 

The identity of (22) with the corresponding result, (21), Section III, for 
transverse vibrations is noteworthy. 

Section VI. 

§20. The case of approximately radial and transverse vibrations depending 
on P 3 in a spheroid presents a certain peculiarity inasmuch as P 2 _ 2 or P is a 
constant. I do not propose, however, to consider this case specially, but pass on 
to a more general case of an ellipsoid which illustrates equally this peculiarity. 

Use will be made of the notation 

where (i — cos$. 

Also for brevity let 

P 2 g cos 2<?> == sin 2 6 cos 2$ = X %i 2 . (2) 

I propose to consider the vibrations which in a perfect sphere would be of 



*In strictness the application of (16) when i=. 3 is not fully warranted at the present stage, see §20 ; 
it is however justified by §23, and for convenient comparison with the case i = 1 it is introduced here. 
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the type radial and transverse, involving the harmonics P 2 and X 2i2 , taking 
place in the nearly spherical solid contained by 

r = a(l + e P 3 + e 2 Z 2 , 2 ). (3) 

Squares and products of s and e 2 will be neglected. The lengths a', V, d of the 
semi-axes of the ellipsoid (3) are given by 

a' la = 1 — Je -f- e a , 

b'/a = l-ie — e 2 , } (4) 

c'/a =l + £. 

The surface conditions take the form 

d , -r, , ^ v-7- 1 d 






(5) 



In addition to principal terms representing radial and transverse vibrations 
depending on P 2 and X 2> 2 , we require subsidiary terms representing pure radial 
vibrations, subsidiary terms representing radial and transverse vibrations depend- 
ing on P 4 , P 4(2 cos 2<£> and P 44 cos4$>, and lastly, subsidiary terms representing 
pure transverse vibrations depending on P 3t 2 sin 2$ . The complete values of 
the displacements are as follows : 

s 

M* 2 

m/cos M = -p- 2 l_]J t (Tear) — 2harJ[ {Tear) } Y 

+ \ J § {Tear) — 27carJi (har) \{Y 2 P 2 + F 2 , 2 X 2 , 2 ) 

+ \ J % (har) — llcarj'% (Tear) }{Y i P i + F 4 , 2 P 4 , 2 cos 2$ + F 4i 4 P 4i 4 cos 4<j>)] 

+ J, (*/?r)(Z 4 P 4 + Z<, 2 P 4 , 2 cos 24, + Z 4 , 4 P 4 , 4 cos 4$)] . (6) 
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«/cos ht = - ^ J- [J. (fcxr)( F a P 2 + F 2 , 2 X a , 2 ) 

+ J, (fer)(r 4 P 4 + F 4 , 2 P 4> 2 cos 2$> + F 4 , 4 P 4 , 4 cos 44))] 

+ t am ri &* W r )( z * p > + *. A 2) 



+ sV/, (fy?r)(Z 4 P 4 + £,, „P 4 , , cos 2$ + Z 4 , 4 P 4 , 4 cos 44.) f 

1 d_ 
sin c&£> 



+ T ~ k slnl ^ * ^ > P *> * Sin 2 ^ ^ {k ^' {7> > 



w/cos U =-wAod% ^ (*") ^ A 3 

+ J, (Jwr)( F 4 , 2 P 4 , , cos 2^) + F 4t 4 P 4 , 4 cos 4$)] 

+ — i-a ^7- ^ I *«f- (W ^2 **i 2 
rsm <&?>dr ' *v r / 2,2 2,2 

+ isJ* (Jc{3r)( z 4, iPi, 2 cos 24. + Z 4( 4 P 4i 4 cos 4$)] 

- r"* J- \ W 3 , 2 P 3> , sin 2<pj, (kpr)\. (8) 

§21. The several letters F, iT, TF" represent constants, the ratio between 
which will be determined from the surface conditions. The suffixes serve con- 
veniently to show in the subsequent work the origin of the several terms. 

Referring to equations (8) to (13) and (37) of Section I, and employing our 
previous notation, we find the surface conditions are as follows : 

A F + J 1 + (eP 2 + e 2 X 2 , 2 ) a ± } [(A 2 F 2 + B Z Z,) P 2 + ( A 2 F 2 , , + B 2 Z^ 2 ) X tt J 



- \e(G 2 Y 2 , 2 + D 2 Z 2 , 2 ) + s 2 (G 2 Y 2 + A^)f ^ ^ 
- e ((7 2 F 2 + P 2 Z 2 )(^) 2 

-,2(^F 2 , 2+ P 2 Z 2 , 2 ){(J-^ 2 ) 8 + (^ ^) 2 }+ ( ^F 4+ P A) P 4 

+ (^4 F 4 , 2 + ^4^4, 2) Pi, 2 COS 2^) + (At F 4 , 4 +^4^4, 4) P 4 , 4 COS 4$ = , (9) 



20 
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ji + ( £ p 2 + £2 z 8 , 2 )« |J {(^^ + A4) f +(^F, 8 +A4, 2 )^} 



- J- (eP, + e 2 X 2i t )[(E> Y* + F % Z % ) P 2 + (E 2 F 2 , , + F& 8 ) X x % 

- * a^ ^- 2 arc* ((W - • + ** 2) cosec ex >< » 

+ J- [(AF 4 + A^) A + (AF 4 , 2 + A^4, 2 ) A,2 COS 2* 

+ ( A F*. 4 + A^, 4) A, 4 COS 4<?>] 

+ -^-a 4z \* aB 3 W *, * p *. . sin 244 = 0, (10) 

sin f a(p 

- J- (eP,+ «A •) 3^ ( fli 5, . + ^ •) oosec 0X 2 , , 
-%^g ^- 2 [(^F g +i^^)A + cot0^-((? 2 r 2 + A^)A 

+ (^2^2, 2 + -^2^2, 2) -^3, 2 

+ (sin^ ^ + ~t^)(^, + i% i )^ i ] 

? [( A ^4, 2 + A^4, 2) A, 2 COS 2$ + ( A ?4, 4 + A^4, 4) A, 4 COS 4$] 



sin <&?> 
-^-U«A^3,2A,2sin2^)}. (11) 

In the first surface condition we have to express each term as a constant or a 
sum of spherical harmonics; in the second and third surface conditions each term 
must be expressed in terms of differential coefficients of spherical harmonics. 
The requisite results, if not all explicitly given on pp. 327-331, vol. 16 of this 
journal, are immediately deducible from the results there given. They consist of 

the expression of (P,)», P,X,,„ (X,.,)", (<§)\ (*£•)'+ (^ &)', and 
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dP dX 

HF df) S aS sums °^ constants and spherical harmonics ; the expression of 

p dP, p dX 9 , 9 T dP 2 „ dX z< , dP z d?P z , dP a M 3 , , dX 2 8 «PP S 

* do ' ** de ' ^'w % ^~w~' ~m ~w~'W ~aW~' ~^t w 

aUd -# ^ + slnl ^ 5^ ^ C0S6C ^ 3 > aS differential coefficients with 

respect to 6 of a sum of spherical harmonics ; the expression of 

p 1 dX z 2 fl ££P 3 l dX., » -^ 1 dX« o dP eZ 2 , a ^r x 

P *sInD "ST' cot ^ 551) "3? 1 ' X ^shTe -#' w ^# (cosec0X ^ } 

and ^ 3^= ( cosec OX* .) + —« ^ (-Aa ^ + cot 4) ^ 2 
rt0 d0d<?> v * iJ sin <£<?> Vsm 2 6 dq>* dd / *' 

as differentials with respect to <p of a sum of spherical harmonics divided by 
sin 6. 

It appears unnecessary to reproduce the results. 

Use must also be made of the identities 

bWI dj & ' sin ^ = W (P *< * C0S 2 ^ ' 

I" ^ . -n 2^>) = -^ -*- (f P 2 , 3 -|P 4 , 2 ) cos 2*. 

§22. Exactly the same method of procedure is to be followed as in the case 
of equilibrium, so it will suffice to record the resulting equations. These are as 
follows : 



C z Y z + D z Z z =-1t[e{a^(C z Y z + D z Z z )-(E z Y z +F,Z z ) 

— S(G»Y z + ff z Z z )}~i ez {a^(C z Y z , z +D z Z z , z ) 
-(E Z Y Z , z + F Z Z Z , ,) - 3 (£ a F a , , + R z Z Zt ,) J ] , 



(13) 



(14) 
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A 2 Y,, Z + B 2 Z, >2 = fa A [e(A 2 Y z , 2 + B Z Z % 2 ) + £a (4,F a + 5 a Z 2 )], 
<7 a F a , a + A^, a = +[ e {aA((7 a F a , a + A^, 2 ) 

-(%+W-3(^»+w) 
+ ea I o^ (o,r, + z^) - (^ 2 F a + 1^) 

ii 4 F 4 + 5 4 Z 4 = -Aai [9 £ (4, F a + £ a Z 2 ) + 2e a (A, F a , a + £ a £ 2 , 8 )] , 1 

C 4 F 4 + A^4 = - A [9e {« ^ (C 2 F 2 + D^,) 

- (# a F a + i^ 2 ) + 4 (S 2 F 2 + /J 2 Z 2 )} j- (15) 

+ 2 ea jaA(<7 a F a , 2 +Z %a ) 

-(# 2 F 2 , 2 + F % Z 2 , 2 ) + 4 (# 2 F a , 2 + F 2 ^ 2t 8 ) | ] , 

A 4 F 4 , 2 + I^ 4 , 2 = - f a A [ £ (i 2 F u + 5 2 ^ 2 , 2 ) + e z (A z Y 2 + £ 2 Z 2 )], 
a 4 F 4 , 2 + A^, 3 =-f[e{a^((7 2 F 2>s +Z> 2 ^ 2 , 2 ) 

_(# 2 F 2 , 2 + i%, 2 ) + 4 (G 2 F 2 , 2 + #A»)} 

-(£ 2 F 2 + i<^ 2 ) + 4(6? a F 2 + tf 2 Z 8 ) j] , 



(16) 



(17) 



(7 4 F 4 , 4 + A^,4 = -ie 2 |a^(C a F 2 , 2 +Z) 2 ^ 2 ) 

_(^ a F 2 , 2 + i% a ) + 4(tf 2 F a , 2 + H % Z^) J, 

+ f2 {«^(<^ + A^) + (i? 2 F 2 + i^T 2 )}]. (18) 
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The three surface conditions are satisfied exactly, to the assumed degree of 

approximation, when the equations (12) to (18) are satisfied. 

As first approximations, when terms in s and e 2 are neglected, we obtain 

from (13) and (14) 

A 2 Y 2 + B 2 Z 2 =0J (19) 

D 2 Z 2 =oJ 



^a *2 ~r* *-'% £J '.i 

-°'l (20) 

= O.J 



■^2 Y Z , 2 H~ -^2-^2, 2 ° 

^2 -*2, 2 "f" -^2 "^2, 2 



Eliminating F 2 /Z 3 from (19), and Y 2t2 /Z. 2<2 from (20), we arrive in either case at 
the frequency equation, 

AA-^ 2 =o. (21) 

This supplies, of course, the first approximation to the values of h in the present 
problem. 

In a perfect sphere the constants Y 2 , F 2 , 2 are absolutely independent of 
one another and their ratio may have any value. The vibrations answering to 
P 2 and those answering to X 2>2 , though possessing the same frequency, may 
exist side by side or separately, uninfluenced the one by the other. 

§23. The same independence is exhibited when the ellipsoid (3) is a 
spheroid. For putting e 2 = in (13) and (14) we get two completely indepen- 
dent sets of equations, viz. 



A 2 Y 2 + B 2 Z 2 = -f ea -j%(AY, + B 2 Z 2 ), 
C 2 Y 2 + D 2 Z 2 =-l?e[a^-(C 2 Y 2 + D 2 Z 2 ) 



Y (22) 



da 

- (E 2 Y 2 + F 2 Z 2 ) - 3 {G 2 Y 2 + H S Z 2 )] 

and 

d ~) 

A% Y 2> 2 H- B 2 Z 2 ^ 2 = t ea -=— - (A 2 Y 2>2 -\- B 2 Z 2 2 ) , 

C 2 Y 2 , 2 + D 2 Z 2 , 2 = 1re[a^(C 2 Y 2 , 2 + D 2 Z 2 , 2 ) ' ( 2S ) 

-(E 2 Y 2 , 2 +F 2 Z 2t2 )-S(G 2 Y 2t2 + H 2 Z 2tZ )]. 

Proceeding in the same manner as in previous cases, we find for the incre- 
ments of pitch in the spheroid, relative to the pitch in the perfect sphere, from 
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(22) and (23) respectively 

&k 1 /k=—Ne, (24) 

k 2 /k= + Ns, (25) 

where 

Aa 1£ ~~ B * a IS + {AF * ~ BA) + 3 {A * H > - B * Gi) 



N = 



2 — 



a-^(A 2 D 2 -B 2 G z ) 



(26) 



The identity of — N with the coefficient of e 3 in (14), Section V, when 2 is 
written for i, should be noticed. 

It will be observed that S^ refers to the vibration depending on P 8 , Sk 2 to 
that depending on X^ 8 . 

§24. In the general case of the ellipsoid, the independence of the vibrations 
depending on P a and on X% 2 ceases. For equations (13) and (14) lead to 

Y % JY % = Z^ % IZ % = q, (27) 

where S« + fs = ?(-E + f qe 2 ) , (28) 

Employing (27) in either (13) or (14), we get 



G z Y,+ D 2 Z z = ^^±^[a±(G % Y s + D,Z. 2 ) 

-(E 2 Y Z -^F Z Z Z )-3(G 2 Y 2 +H,Z % )]^ 



(30) 



Comparing (30) with (23), we deduce at once for the change of frequency due to 
the departure of the surface from the truly spherical form 

hh/h - N(qs + 6 % )/g 

= ^NVe*+i4 (31) 

by (29), where iVis given by (26). 

The interpretation to be put upon the result is that in the general case of 
the ellipsoid (3), the principal terms in P 3 and X 3i 2 do not occur independently 
but stand to one another in one of two definite ratios given by the values of q in 
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(29). In one of the cases the pitch is raised relative to what it would be in the 
perfect sphere, in the other it is lowered by an equal amount. 

By means of (4) we may exhibit (31) in the more symmetrical form 

f = T2l|l-3 {a'V + a'd + b'd)l{a> + V + d)*\K (32) 

§25. The values of the constants appearing in the subsidiary terms are 
derived from (12) and (15) to (18), use being made of (19), (20) and (21). 
For shortness let 

+ 4 {A Z H % - B S G S ) } + 2Z> 4 (a* ^ - B 2 a *£)] , (33) 

•4 = ^(S^>^ [A, i A,a ^ — B^^l— {A 2 F 2 - B 2 E 2 ) 
n 140 (AiDi — BiCi) 1 - 4 ( 2 da 2 da v z 2 z v 

+ 4(A 2 H Z ~B 2 G 2 )} - ZC^A^* - B^i^i)]. (34) 

Then we get 

7 4 /pa = Z 4 /f4 = 36e + 8ge 2) (37) 

i 7 *, i/p» = Z it ,/pjJ = 105 (qs + e 2 ) , (38) 

?i, Jfh = ^4, */f4 = 35 ? e 2 . (39) 

To simplify the results, we may make use of (21) and of the results (18), (19), 
etc., of Section I. We in this way reduce (35) and (36) to 

Y _ _ (e + %qe 2 )C 2 Y 2 (8y»- 4^(2 + 4/(3,)-^ . . 

*«- 6A yT^8 ' (40) 

W *- % ~ 12aB 3 y»-8 * ^ 41) 

Referring to (29) it will be found that F vanishes when either 

e 2 = and F 2 = 0, 
or when 2e 2 ± Ss = , (42) 

and the proper sign is taken in the value of q . 
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The first alternative answers to a spheroid whose axis is 0=0, the vibra- 
tions which require no subsidiary pure radial term being those which depend on 
the harmonic P 3i 2 cos 2$. 

The equation (42) is satisfied when 

d~V 
or o' =-a' ; 

and so likewise implies the ellipsoid being a surface of revolution. When d = V 
we have 

q = i, 

and the harmonic occurring in the displacements is 

P 3 + | Pga cos 2^) = cos s — sin s sin s $ ; 

when c' = a' we have 

q = — it 

and the harmonic occurring in the displacements is 

P 2 — i P 23 cos 2$ = cos 2 6 — sin s 6 cos 2 $ . 

If for a moment we suppose rectangular coordinates x, y, z coinciding with the 
principal axes of the ellipsoid, then all three cases are included in the following 
statement : If z = be an axis of symmetry, then no subsidiary pure radial dis- 
placement is required if the surface harmonic in the principal term of the radial 
component of the displacement is (a; 3 — y 9 )/^. 

In a somewhat similar fashion it is easy to prove from (41) and (29) that 
W Si 2 vanishes when the ellipsoid is one of revolution, the harmonic appearing in 
the principal term of the radial displacement having in this case the axis of 
symmetry for its axis ; if, for instance, 6 = is the axis of symmetry, the har- 
monic is P 3 . 

The close analogy of the results (37), (38), (39) to the corresponding results 
for the equilibrium problem — vol. 16, equations (263), (266) and (270), p. 377 — 
is noteworthy. In fact, putting 

«i = as = P% — ° » 

in the equilibrium results, we make them identical in form with (37), (38) 
and (39). 



